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We address the problem of combining independent evidences

from multiple sources by utilizing the Bayesian and credal combi-

nation operators. We present measures for degree of conflict and

imprecision, which we use in order to characterize the behavior of

the operators through a number of examples. We introduce dis-

counting operators that can be used whenever information about

the reliability of sources is available. The credal discounting oper-

ator discounts a credal set with respect to an interval of reliability

weights, hence, we allow for expressing reliability of sources im-

precisely. We prove that the credal discounting operator can be

computed by using the extreme points of its operands. We also per-

form two experiments containing different levels of risk where we

compare the performance of the Bayesian and credal combination

operators by using a simple score function that measures the infor-

mativeness of a reported decision set. We show that the Bayesian

combination operator performed on centroids of operand credal

sets outperforms the credal combination operator when no risk is

involved in the decision problem. We also show that if a risk compo-

nent is present in the decision problem, a simple cautious decision

policy for the Bayesian combination operator can be constructed

that outperforms the corresponding credal decision policy.
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1. INTRODUCTION

Bayesian theory [5] is one of the most commonly uti-

lized theories for managing uncertainty in information

fusion [20, 12]. The theory relies on two main assump-

tions: (1) a probability function should be used for rep-

resenting belief and (2) Bayes’ theorem should be used

for belief updating when a new observation has been

made. The main criticism of Bayesian theory that can

be found in the literature (e.g., [14, 25]) is that the first

assumption is unrealistically strong since one is forced

to quantify belief precisely even if one only possesses

scarce information about the environment of interest.

For this reason, a family of alternative theories has been

introduced that usually goes under the name imprecise

probability [26], where belief can be expressed impre-

cisely.

One common theory that belongs to the family

of imprecise probability is credal set theory [2, 3, 9,

10, 19], also known as “theory of credal sets” [11] and

“quasi-Bayesian theory” [8], where one utilizes a closed

convex set of probability functions (instead of a single

function), denoted as a credal set [19], for representing

belief. An attractive feature of credal set theory is that it

reduces to Bayesian theory if singleton sets are adopted.

Furthermore, credal set theory can be thought of as

point-wise application of Bayes theorem on all prob-

ability (and likelihood) functions within operand sets

(unlike, e.g., evidence theory [23], which is inconsistent

with this point-wise Bayesian paradigm [2, 3]). Hence,

credal set theory can be seen as the most straightforward

generalization of Bayesian theory to imprecise probabil-

ity.

In this paper, we are interested in contrasting

Bayesian theory with credal set theory when used for

combining independent pieces of evidence, known as the

combination problem [16]. Arnborg [2, 3] has previ-

ously characterized the relation between robust Bayesian

theory, which can be seen as a sensitivity interpreta-

tion [4, 14] of credal set theory, and evidence theory

[23] when used for the combination problem. We ex-

tend Arnborg’s work by characterizing the Bayesian and

credal combination operators1 in terms of imprecision

and conflict and by introducing methods for account-

ing for reliability of sources. In addition, we also em-

pirically evaluate the use of the operators for decision

making regarding some state space of interest. Since

the credal combination operator is considerably more

computational demanding than the Bayesian counter-

part, such a evaluation can reveal whether or not the

additional computational expense yields an increase in

decision performance.

1Arnborg [2, 3] denoted this operator by “robust Bayesian combi-

nation operator.” We deliberately avoid using this terminology since

robust Bayesianism imposes a sensitivity interpretation of the credal

set [4, 14] and we do not want to exclude other interpretations (see

e.g., Walley [25]).
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The paper is organized in the following way: In Sec-
tion 2, we derive the Bayesian and credal combination
operators. In Section 3, we present measures for con-
flict and imprecision for the operators. Based on these
measures, we present a number of examples that high-
light the behavior of the operators. We introduce dis-
counting operators for the Bayesian and credal combi-
nation operators, which can be used whenever informa-
tion about reliability of sources is known. In Section 4,
we present two experiments; one where no risk compo-
nent is present in the decision problem, i.e., there is no
cost for making an erroneous decision, and one where
such a component exists. We discuss the design and
analyze the result of each experiment. Lastly, in Sec-
tion 5, we summarize the article and present the main
conclusions.

2. PRELIMINARIES
We derive the Bayesian and credal combination op-

erators and elaborate on how the credal combination
operator can be computed.

2.1. Bayesian Combination Operator
Let X and Y1, : : : ,Yn be discrete random variables with

state spaces −X and −Y1 , : : : ,−Yn , respectively. Assume
that we have n sources and that source i 2 f1, : : : ,ng has
made observation yi 2−Yi and reported a likelihood func-
tion p(yi j X) as a representation of the evidence provided
by yi regarding X. By assuming that the observations are
conditionally independent given X, we can construct the
joint evidence (or joint likelihood):

p(y1, : : : ,yn j X) = p(y1 j X) : : :p(yn j X): (1)

In principle, we can use (1) as a Bayesian way of
combining the evidences, however, this is not convenient
when implemented in an operational system since the
joint evidence monotonically decreases with the number
of sources n. Let us therefore elaborate on how this
problem can be solved. Let

pi(X)
¢
=

p(yi j X)P
x2−X p(yi j x)

(2)

i.e., pi(X) are probability functions (normalized likeli-
hood functions). By using Bayes’ theorem and the as-
sumption of conditional independence, we obtain

p(X j y1, : : : ,yn)

=
p(y1, : : : ,yn j X)p(X)P
x2−X p(y1, : : : ,yn j x)p(x)

=
p(y1 j X) : : :p(yn j X)p(X)P
x2−X p(y1 j x) : : :p(yn j x)p(x)

=
p1(X) : : :pn(X)p(X)P
x2−X p1(x) : : :pn(x)p(x)

=

p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

p(X)

P
x2−X

p1(x) : : :pn(x)P
x2−X p1(x) : : :pn(x)

p(x)

: (3)

Let

©(p1(X), : : : ,pn(X))
¢
=

p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

: (4)

From (3) we see that the joint evidence p(y1, : : : ,yn j X)
has the same effect on the posterior p(X j y1, : : : ,yn), ir-
respective of the prior p(X), as ©(p1(X), : : : ,pn(X)), i.e.,

p(y1, : : : ,yn j X) and ©(p1(X), : : : ,pn(X)) are equivalent
evidences. The following theorem allows us to recur-

sively combine evidences into a joint evidence.

THEOREM 1

©(: : :©(p1(X),p2(X)) : : : ,pn(X))

=
p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

: (5)

PROOF See Appendix.

Note that the normalization in each combination in

the recursion eliminates the problem of a monotonically

decreasing joint evidence when n increases. We use the

recursive form of © as our basis for the definition of a

Bayesian combination operator denoted by ©B (i.e., we
define the operator for two operands) [3, 2]:

DEFINITION 1 The Bayesian combination operator is

defined as

©B(p1(X),p2(X))
¢
=

p1(X)p2(X)P
x2−X p1(x)p2(x)

(6)

where pi(X), i 2 f1,2g, are conditionally independent
evidences in the form of probability functions (normal-

ized likelihood functions). The operator is undefined

when
P
x2−X p1(x)p2(x) = 0.

Note that the operator is associative and commuta-

tive.

2.2. Credal Combination Operator

The credal combination operator, also known as the

robust Bayesian combination operator (see Footnote 1)

[2, 3], can be derived by using credal set theory [19, 9,

10, 2, 3]. As we mentioned in the introduction, in credal

set theory one represents belief by a closed convex set

of probability functions. However, one is also allowed to

express evidence regarding some random variable im-

precisely, i.e., instead of a single likelihood function as

a representation of evidence, as in the Bayesian case,

one can adopt a closed convex set of such functions.

Combination of such evidences then amounts to apply-

ing the Bayesian combination operator point-wise on

all possible combinations of functions from the sets. In

order to enforce convexity of the posterior result one

applies the convex-hull operator.

One important concept within credal set theory,

which we will use extensively in the proofs is convex

combination defined as [1].
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DEFINITION 2 A convex combination of probability

functions p1(X), : : : ,pn(X) is a probability function ex-

pressed in the following form

¸1p1(X) + ¢ ¢ ¢+¸npn(X) (7)

where (8i 2 f1, : : : ,ng) (0· ¸i) and
Pn

i=1¸i = 1.

We can now define the convex hull of a finite set

as the set of all convex combinations of points in the

set [1].

DEFINITION 3 The convex hull of a finite set fp1(X), : : : ,
pn(X)g is defined as

CH(fp1(X), : : : ,pn(X)g)
¢
=

(
nX
i=1

¸ipi(X) : (8i 2 f1, : : : ,ng)

£ (¸i ¸ 0),
nX
i=1

¸i = 1

)
: (8)

Let P(X) denote a prior credal set, i.e., a closed con-
vex set of probability functions of the form p(X) and

P(X j y) a posterior credal set of functions p(X j y). Let
E(P(X)) denote the set of extreme points of P(X), i.e.,
points that belong to the set and cannot be expressed

as a convex combination of other points in the set. We

are now ready to define the notion of independence for

credal sets referred to as strong independence [7].

DEFINITION 4 The discrete random variables X and

Y are strongly independent iff all p(X,Y) 2 E(P(X,Y))
can be expressed as p(X,Y) = p(X)p(Y), where p(X) 2
P(X) and p(Y) 2 P(Y). Similarly, X and Y are strongly
conditionally independent given Z iff all p(X,Y j z) 2
E(P(X,Y j z)) can be expressed as p(X,Y j z) = p(X j z)
¢p(Y j z), 8z 2 −Z , where p(X j z) 2 P(X j z) and p(Y j z)
2 P(Y j z).
The intuition behind this definition is that each ex-

treme point of a joint credal set should fulfill the same

criteria for independence as in ordinary probability cal-

culus, i.e., the extreme points should factorize [11]. By

using this notion of independence, the credal combina-

tion operator2 can be derived as a straightforward gen-

eralization of the Bayesian combination operator.

DEFINITION 5 The credal combination operator is de-

fined as

©C(P1(X),P2(X))
¢
=CH(f©B(p1(X),p2(X)) : p1(X) 2 P1(X),

p2(X) 2 P2(X)g) (9)

2Arnborg [2, 3] defined the operator without the inclusion of a

convex-hull operator, however, he mentions in the discussion follow-

ing his definition that such operator should be utilized. See also Foot-

note 1.

where Pi(X), i 2 f1,2g, are strongly conditionally inde-
pendent evidences in the form of credal sets (closed con-

vex sets of normalized likelihood functions) and where

CH is the convex-hull operator. The ©C operator is unde-
fined iff there exists pi(X) 2 Pi(X), i 2 f1,2g, such that
©B is undefined.

The operator is associative and commutative. Note

that the operator is based on point-wise application of

the Bayesian combination operator on all combinations

of functions from the operand credal sets. Hence, the

operator is equivalent to the Bayesian combination op-

erator for singleton sets. One important credal set, that

we will use extensively throughout the article, is the

set of all probability functions for a given state space,

denoted as a probability simplex.

DEFINITION 6 The probability simplex P¤(X) for a
discrete random variable X with state space −X is de-

fined as

P¤(X) ¢=
½
p(X) : (8x 2 −X)(p(x)¸ 0),

X
x2−X

p(x) = 1

¾
(10)

In order to compute the credal combination opera-

tor, we only consider operand credal sets that has a finite

number of extreme points. Such a property can be guar-

anteed by using credal sets in the form of polytopes [1]

DEFINITION 7 A credal set P(X) is a polytope iff
P(X) = CH(fp1(X), : : : ,pn(X)g) (11)

where fp1(X), : : : ,pn(X)g ½ P¤(X) is a finite set and
where CH is the convex-hull operator.

The following theorem enables computation by ex-

treme points of the credal combination operator when

the operands are polytopes (the theorem was implicitly

mentioned by Arnborg [3], with no proof, and explic-

itly stated by Arnborg [2], but only a “proof hint” was

provided. A corresponding theorem has been stated and

proved for filtering (continuous case) by Noack, et al.

[21, Theorem 2]).

THEOREM 2

©C(P1(X),P2(X))
=©C(E(P1(X)),E(P2(X))): (12)

PROOF See Appendix.

3. CHARACTERIZATION OF THE BAYESIAN AND
CREDAL COMBINATION OPERATORS

In this section,3 we define measures for degree of

conflict and imprecision and use these for characteriz-

ing the behavior the Bayesian and credal combination

operators through a number of examples. We introduce

3This section includes material from Karlsson et al. [16].
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discounting operators that can be used whenever infor-

mation about the reliability of sources is known. We

exemplify the utilization of the discounting operators

by revisiting the examples.

3.1. Degree of Conflict

One important concept when combining evidences

from multiple sources is the degree of conflict measured

on the evidences reported by the sources. Intuitively,

such measure can be thought of as an “inverse similarity

measure,” i.e., the more similar the reported evidences

are, the less conflict exists between the sources. Hence,

for the Bayesian case, we simply use the Euclidean norm

as the basis for a conflict measure.

DEFINITION 8 The degree of conflict between two

evidences in the form of probability functions p1(X)

and p2(X) is defined as

¡B(p1(X),p2(X))
¢
=
kp1(X)¡p2(X)kp

2
(13)

where k ¢ k is the Euclidean norm and where the denomi-
nator constitutes the diameter of the probability simplex

P¤(X), i.e.,

max

½
max

pj (X)2P¤(X)
kpi(X)¡pj(X)k : pi(X) 2 P¤(X)

¾
=
p
2:

(14)

Similarly to the above Bayesian conflict measure,

we base a credal conflict measure on the notion of sim-

ilarity. A similarity measure for general closed convex

sets exists under the name of Hausdorff distance [15].

The Hausdorff distance is the largest distance one can

find between a point from any of the two sets to the

closest point in the other set. By using the Hausdorff

distance we can define the following conflict measure

for credal sets:

DEFINITION 9 The degree of conflict between two

credal sets P1(X) and P2(X) is defined as

¡C(P1(X),P2(X))
¢
=
H(P1(X),P2(X))p

2
(15)

where the denominator constitutes the diameter of the

probability simplex P¤(X) and whereH is the Hausdorff
distance defined by [15]

H(P1(X),P2(X))
¢
=maxf ~H(P1(X),P2(X)), ~H(P2(X),P1(X))g

(16)
where ~H is the forward Hausdorff distance:

~H(P1(X),P2(X))
¢
=max

½
min

p2(X)2P2(X)
kp1(X)¡p2(X)k : p1(X) 2 P1(X)

¾
(17)

where k ¢ k is the Euclidean norm.

Note that the credal conflict measure reduces to

the Bayesian conflict measure for singleton sets. The

forward Hausdorff-distance can be calculated in

O(jE(P1(X))j jF(P2(X))j) [15], where F(P(X)) is the set
of faces of P(X).
3.2. Degree of Imprecision

Obviously, since credal set theory belongs to the

family of theories referred to as imprecise probabilities

[26], imprecision is an important concept to define.

Walley [25, Section 5.1.4] has introduced a measure

which he refers to as the degree of imprecision for an

event x 2−X

¢(x,P(X)) ¢= max
p(X)2P(X)

p(x)¡ min
p(X)2P(X)

p(x): (18)

However, the measure does not capture the imprecision

of a credal set since it only operates on single events. Let

us therefore base our measure of degree of imprecision

for a credal set on a simple average of Walley’s measure

in the following way.

DEFINITION 10 The degree of imprecision of a credal

set P(X) is defined as

I(P(X)) ¢= 1

j−X j
X
x2−X

¢(x,P(X)) (19)

where ¢(x,P(X)) is Walley’s measure for degree of
imprecision for a single event [25, Section 5.1.4].

As an example, if we have a credal set P(X) where
P(X) = CH(f(0:2,0:1,0:7)T, (0:5,0:2,0:3)T, (0:6,0:3,0:1)Tg)

(20)

where −X = fx1,x2,x3g and the order of the probabilities
is (p(x1),p(x2),p(x3))

T, then

I(P(X)) = 1
3

3X
i=1

¢(xi,P(X))

=
1

3
(0:6¡0:2+0:3¡ 0:1+0:7¡ 0:1)

= 0:4: (21)

3.3. Examples

We here provide a number of examples, containing

different degrees of imprecision and conflict, in order

to characterize the behavior of the Bayesian and credal

combination operators. Let us first elaborate on a con-

venient way of visualizing belief and evidence in cases

where the state space consists of three elements. As-

sume that −X = fx1,x2,x3g. In such case the probability
simplex P¤(X) constitutes the plane orthogonally pro-
jected on two dimensional space, seen in Fig. 1, which

is geometrically equivalent to the convex hull of the

points (1,0,0)T, (0,1,0)T, and (0,0,1)T. Each corner of

the triangle represents an extreme point of P¤(X), i.e., a
probability function where all probability mass lies on
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Fig. 1. Probability simplex P¤(X), where −X = fx1,x2,x3g,
projected on two dimensional space.

a single element of −X . Each point in the triangle repre-

sents a probability function. As an example, the center

of the triangle, indicated with a cross, is the uniform dis-

tribution over −X . The closer a specific point is to one of

the corners in the triangle the higher probability for the

respective state. This type of visualization is commonly

used within the imprecise probability community (see,

e.g., [25]).

Fig. 2. p1(X), p2(X), and p1:2(X) when a low degree of conflict is present. (a) p1(X) (circle) and p2(X) (square). (b) p1:2(X).

Fig. 3. p1(X), p2(X), and p1:2(X) when a high degree of conflict is present. (a) p1(X) (circle) and p2(X) (square). (b) p1:2(X).

3.3.1. Bayesian Combination Operator
Let us start with the example seen in Fig. 2 where

there only is a minor conflict among the sources. We

see that since both sources suggest x2 as most probable,

seen in Fig. 2(a), the joint evidence, seen in Fig. 2(b),

is reinforced towards this state. Now, consider the case

where there is a strong conflict among the sources

instead, seen in Fig. 3. Both sources have provided

evidences that states that x3 is unlikely to be the true

state of X. However, there is a strong disagreement,

i.e., conflict among the sources, regarding the states

x1 and x2. The joint evidence, seen in Fig. 3(b), is

approximately uniformly distributed over fx1,x2g, i.e.,
from the result we cannot single out a best choice

between these two states, however, x3 is still highly

unlikely due to the distance to that corner.

3.3.2. Credal Combination Operator
Let us again start with an example where there is

a low degree of conflict between the sources, seen in

Fig. 4. The operand credal sets in Fig. 4(a) have been

constructed by expanding equilateral triangles around

the operands in Fig. 2(a). From the figure we see

that both sources essentially agree on the state x2 as

being most probable. Therefore the combined evidence
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Fig. 4. P1(X), P2(X), and P1:2(X) when a low degree of conflict is present. (a) P1(X) (circles) and P2(X) (squares). (b) P1:2(X).

Fig. 5. P1(X), P2(X), and P1:2(X) when a high degree of conflict is present. (a) P1(X) (circles) and P2(X) (squares). (b) P1:2(X).

P1:2(X) is reinforced towards a high probability for
the state x2, as is seen in Fig. 4(b). Note that P1:2(X)
preserves the property of not favoring any of the states

x1 and x3.

Consider again an example where evidences are

strongly conflicting (a similar example has been pre-

sented by Arnborg [2]). The evidences provided by the

sources can be seen in Fig. 5. We see that the resulting

joint evidence has a high degree of imprecision. Note

that it is the combination of the lower right extreme

points of the operand credal sets that is the cause for

the lower right extreme point of the joint evidence; a

case that has similarities with the well-known Zadeh’s

example for Dempster’s combination rule [27]. This is

due to that the extreme points componentwise suppress

each other for the states x1 and x2, i.e., if we denote the

lower right extreme point of P1(X), P2(X), and P1:2(X)
by p1(X), p2(X), and p1:2(X), respectively, where

p1(x1) = 1¡ ²¡#, p1(x2) = ², p1(x3) = #

(22)

p2(x1) = ², p2(x2) = 1¡ ²¡#, p2(x3) = #

(23)

then we obtain the following expression for p1:2(x3)

p1:2(x3) =
#2

(1¡ ²¡#)²+ ²(1¡ ²¡#) +#2 (24)

which approaches one when ²! 0 (in the figure, ² > 0,
which is why the lower right extreme point of P1:2(X)
is not exactly positioned at the lower right corner of the
probability simplex P¤(X)).
Lastly, let us consider another type of conflict that

can appear in the credal case, seen in Fig. 6, where one
of the sources expresses a credal set that is highly im-
precise, i.e., approximately equivalent to the probability
simplex P¤(X) (there is a small distance between the ex-
treme points of the credal set and the extreme points of
the probability simplex which cannot be seen from the
figure), and the other source expresses a credal set that
constitutes strong evidence for the state x2. Since the
highly imprecise credal set contains probability func-
tions that constitute strong evidence for each of the
states in −X , such a credal set is not significantly af-
fected by other operands, unless these contain probabil-
ity functions that are considerably stronger.4

4Arnborg [3] denotes the probability simplex as “total scepticism,”

since such a set is impossible to affect.
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Fig. 6. P1(X), P2(X) and P1:2(X) when a high degree of conflict is present. (a) P1(X) (circles) and P2(X) (squares). (b) P1:2(X).

3.4. Discounting

In cases where a strong conflict is present among

the sources that provide evidences, as was the case

for several examples in the previous section, it may

be beneficial to account for the sources’ reliability. If

one has obtained information regarding the reliability of

sources, e.g., in terms of sensor quality, then it would be

reasonable to compensate for such information prior to

the combination. Intuitively, if a source is less reliable,

then that source should have less effect on the end result,

i.e., the joint evidence should be less influenced by

that source. Accounting for the reliability of sources is

commonly referred to as discounting in the literature

[23].

3.4.1. Bayesian Discounting Operator

Discounting with respect to the Bayesian combina-

tion operator is performed by transforming an operand

to a “more uniform” probability function. The reason

for this is that the uniform probability function repre-

sents an evidence that does not affect the joint evidence

in any way:5

DEFINITION 11 The Bayesian discounting operator for

an evidence in the form of a probability function p(X)

with state space −X is defined as

ªB(p(X),w)
¢
=wp(X) + (1¡w)pu(X) (25)

where w 2 [0,1] is a reliability weight, describing a
degree of reliability of the discounted source, and pu(X)

is the uniform distribution over −X .

Let us now revisit the example in Fig. 3 but where

we have obtained the following reliability weights for

5Arnborg [2] adopted another interpretation of discounting, which

amounts to increase the imprecision for an operand single probability

function. We have based our interpretation of discounting on evidence

theory [23], i.e., that a discounted operand should have less effect on

the end result.

the sources6

w1 = 0:85, w2 = 0:95: (26)

Let us introduce the following short-hand notation

pwi (X)
¢
=ªB(pi(X),wi) (27)

where i 2 f1,2g and

pw1,w2 (X)
¢
=©B(ªB(p1(X),w1),ªB(p2(X),w2)):

(28)

The result of applying the Bayesian discounting opera-

tor with the reliability weights in (26) is seen in Fig. 7.

In contrast to the former case, where no discounting

was performed, we can here see that due to that the

first source is slightly more unreliable, the result is less

influenced by that source. This is seen from the figure,

since the resulting probability function is closer to the

corner p(x2) = 1 than p(x1) = 1.

3.4.2. Credal Discounting Operator
Consider discounting a source that reports an oper-

and credal set for the credal combination operator. In-

stead of using a single reliability weight, we here al-

low reliability weights to be expressed imprecisely7

by a convex set of reliability weights W ¢
=[w,w̄] where

[w,w̄]μ [0,1], i.e., an interval. If we generalize the
Bayesian discounting operator to the credal case, we

obtain an operator that point-wise discounts each distri-

bution in the credal set with respect to each reliability

6We introduce the Bayesian and credal discounting operators without

specifying an exact interpretation of the reliability weights. In prin-

ciple such a interpretation can differ depending on the application.

Exploring different modeling schemas and interpretations for reliabil-

ities is a topic for future research.
7Imprecision in reliability weights was inspired by Troffaes [24].
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Fig. 7. pw1
(X), pw2

(X), and the discounted combined result pw1,w2
(X). (a) pw1

(X) (circle) and pw2
(X) (square). (b) pw1,w2

(X).

Fig. 8. PW1
(X), PW2

(X), and PW1,W2
(X). (a) PW1

(X) (circles) and PW2
(X) (squares). (b) PW1,W2

(X).

weight in W:
DEFINITION 12 The discounting operator for a credal

set P(X) given a set of reliability weights W = [w,w̄],

where [w,w̄]μ [0,1], is defined as
ªC(P(X),W)

¢
=CH(fªB(p(X),w) : w 2W,p(X) 2 P(X)g)

(29)

whereªB(p(X),w) is the Bayesian discounting operator.

The discounting operator collapses a credal set

point-wise towards the uniform distribution. The fol-

lowing theorem allows computation of the credal dis-

counting operator by using the extreme points of the

operand sets:

THEOREM 3

ªC(P(X),W) =ªC(E(P(X)),E(W)): (30)

PROOF See Appendix.

Let us now revisit the previous presented examples

where a strong conflict was present. Assume that we

have obtained the following reliability weights6 for the

example in Fig. 5

W1 = [0:80,0:90], W2 = [0:93,0:98]: (31)

Let us introduce some short-hand notation

PWi
(X)

¢
=ªC(Pi(X),Wi) (32)

where i 2 f1,2g and

PW1,W2
(X)

¢
=©C(ªC(P1(X),W1),ªC(P2(X),W2)):

(33)

The results of applying the discounting operator is seen

in Fig. 8. We see that there is a significant difference in

terms of imprecision compared to the non-discounted

case in Fig. 5(b).

Let us also revisit the example shown in Fig. 6.

Assume that one has obtained the following reliabilities

for the sources

W1 = [1:00,1:00], W2 = [0:75,0:80]: (34)

The result of discounting the sources with respect to

these weights is seen in Fig. 9. The lower bound of
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Fig. 9. PW1
(X), PW2

(X), and PW1,W2
(X). (a) PW1

(X) (circles) and PW2
(X) (squares). (b) PW1,W2

(X).

W2 will in this case not have any effect since P2(X) is
centered around the uniform distribution.

4. EMPIRICAL EVALUATION OF BAYESIAN AND
CREDAL COMBINATION OPERATORS

In a previous study8 [17], we explored the perfor-

mance of the Bayesian and credal combination opera-

tors when a single decision is made, i.e., a single state

is chosen. In order to select a single decision in the

credal case, we selected a representative function from

the joint evidence to base the decision upon. We ex-

plored three main ways of selecting such a function,

often found in the literature [3, 8], namely: a ran-

dom function, the maximum entropy function, and the

centroid function. By assuming that the sources have

an implicit uniform second-order distribution over the

operand credal set, as a representation of not favoring

any probability function within the set, we found that

using the Bayesian combination operator on centroids of

operand credal sets significantly outperform9 any of the

credal decision schemas (i.e., using the credal combina-

tion operator and any of the representative function pre-

viously mentioned). The reason for this result is that the

second-order distribution can be considerably skewed

over the joint evidence and using centroid distributions

of operand credal sets as operands for the Bayesian

combination operator constitutes a better approxima-

tion of the expected value with respect to this skewed

second-order distribution over the joint evidence.

Even though it may be better to utilize the Bayesian

combination operator than the credal counterpart when

a single decision has to be made, the question remains

whether or not the credal combination operator can

be beneficial to utilize when a set of decisions is al-

lowed. In principle, an optimal method for “set-output”

8In Karlsson, et al. [17] we considered the problem of belief updating

instead of evidence combination, however, it is the same basic operator

that is used for both cases.
9Two score functions (i.e., performance metrics) were used for com-

parison: (1) accuracy and (2) Brier loss [6].

should only output a non-singleton set when the sin-

gleton decision output from a Bayesian method is erro-

neous.

Exploring the performance of utilizing the Bayesian

and credal combination operators when decision sets are

allowed (i.e., a set of states) is the main aim with our ex-

periments that we will present in the coming sections.10

In the experiments, we use a simple state space con-

sisting of three states since we then can perform exact

computation of the credal combination operator. In real-

world applications one is likely to be forced to use some

approximations technique in order to limit the number

of extreme points of the involved credal sets, since this

number can grow exponentially in worst case (with re-

spect to the number of combinations). We present two

main experiments for combining evidences reported by

a number of sources where there exists some degree of

conflict between them. We motivate the utilization of a

decision set by a risk component, i.e., there is a large

negative cost if one reports a set that does not contain

the true state. In the first experiment there is no risk

component whereas in the second experiment such a

component exists.

4.1. Experiment A–No Risk

Let us start with a scenario that does not contain

a risk component in the sense that there is no cost of

reporting an erroneous state. Assume that we are inter-

ested in determining the state of a random variable X

with a state space consisting of three possible states,

i.e., −X = fx1,x2,x3g, and that we base our decision re-
garding X on n sources that provide us with pieces of

evidence regarding X in the form of strongly condition-

ally independent credal sets P1(X), : : : ,Pn(X). Assume
that the true state of X is x2. Obviously, if we have

selected the sources well, a majority of these provides

us with credal sets P̂(X) that constitute evidence for the

10The sections includes material from Karlsson, et al. [18].
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Fig. 10. The probability simplex P¤(X) partitioned into evidence
region (vertical lines) and counter-evidence region (horizontal line)

with respect to the true state x2.

truth solely, i.e.,

p̂(X) 2 P̂(X)) x2 = argmax
x2−X

p̂(x): (35)

Such type of credal set is completely contained in the

region with vertical lines shown in Fig. 10. Let us

assume that there is a possibility of obtaining a counter

evidence P̃(X) with respect to the truth from some of

the sources, i.e.,

p̃(X) 2 P̃(X)) x2 6= argmax
x2−X

p̃(x): (36)

The counter evidence P̃(X) is completely contained in
the region with horizontal lines shown in Fig. 10. The

imprecision of the credal evidence and counter evidence

can be thought of as a second-order uncertainty regard-

ing the strength of an evidence in the form of a proba-

bility function (i.e., a Bayesian evidence). Let us assume

that the sources have no reason to favor any probabil-

ity function in the credal evidence, i.e., the sources are

indifferent regarding the probability functions.

Now, assume that we want to combine all the evi-

dences obtained from the sources into a joint evidence.

In the Bayesian case, since we cannot apply the ©B op-
erator directly on the operand credal sets, we need to

select a single representative probability function from

the operands to be utilized for combination. Since the

sources are indifferent regarding the probability func-

tions in the operand credal sets, we can assume an im-

plicit uniform distribution over the sets. It is therefore

reasonable to utilize the expected value of this distribu-

tion as a representative function, i.e., the centroid dis-

tribution. Consequently we obtain the following joint

Bayesian evidence

p1:n(X)
¢
=©B(: : :©B(¨ (P1(X)),¨ (P2(X))) : : : ,¨ (Pn(X)))

(37)

where the operator ¨ is defined as

¨ (P(X)) ¢=EUn(P(X))[P(X)] (38)

where Un(P(X)) denotes the uniform distribution over

P(X) (i.e., ¨ (P(X)) gives the centroid distribution of
P(X)). In the credal case, the joint evidence is straight-
forwardly obtained by utilizing the ©C operator

P1:n(X)
¢
=©C(: : :©C(P1(X),P2(X)) : : : ,Pn(X)):

(39)

Now, based on the joint Bayesian and credal evi-

dences, we want to make a decision regarding the true

state of the variable X. In the Bayesian case this is sim-

ply performed by reporting the most probable state(s)

DB(p1:n(X))
¢
=fxi 2−X : (8xj 2 −X)(p1:n(xi)¸ p1:n(xj))g:

(40)

From the above equation, we see that the Bayesian

decision set DB(p1:n(X)) is singleton in a majority of
the cases. In the credal case, however, it is quite likely,

depending on the degree of imprecision reported by the

sources, that the decision set is non-singleton

DC(P1:n(X))
¢
=

[
p1:n(X)2P1:n(X)

DB(p1:n(X)): (41)

Note that unless all probability functions within P1:n(X)
agree on the most probable state, the decision set is

non-singleton. Let us also introduce a credal method

where the ©C operator is used for constructing the joint
credal evidence but where the centroid distribution of

the evidence is used for decision making in the same

way as in the Bayesian case (see (40)), i.e.,

DcC(P1:n(X))
¢
=DB(¨ (P1:n(X))): (42)

An example of using the ©B and ©C operators is seen
in Fig. 11. In Fig. 11(a), we see that one of the sources

has reported a quite strong evidence for the truth x2
while the other source has reported a counter evidence

to this state (an evidence for x1). Fig. 11(b) shows the

results of the Bayesian and credal methods. We see that

DB(p1:2(X)) = fx2g
DC(P1:2(X)) = fx1,x2g
DcC(P1:2(X)) = fx2g:

(43)

Note that the centroid of the joint credal evidence differs

from the joint Bayesian evidence.

Now, obviously a decision set D μ −X that contains

two states where one of them is the true state, i.e.,

x2, should be less valued in comparison to a decision

set that is singleton with the true state. Moreover, a

decision set that is equal to the state space is clearly non-

informative about X since we have already modeled the

set of possibilities for X by −X . Hence such decision

set is not regarded to be of any value. Based on this
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Fig. 11. The example shows the probability simplex P¤(X) where one operand constitutes evidence for the true state x2 and the other
counter evidence to the true state (in this case evidence for x1). The dashed lines show the decision regions for the state space. The extreme

points of the credal operands Pi(X), i 2 f1,2g and joint credal evidence P1:2(X) are depicted by filled circles. The centroid of P¤(X) and
P1:2(X) is depicted by a cross. The Bayesian joint evidence p1:2(X) is depicted by an unfilled circle. (a) Pi(X) and EUn(Pi(X))[Pi(X)],

i 2 f1,2g. (b) P1:2(X) and p1:2(X).

reasoning we adopt the following score function for our

experiment

f®(D)
¢
=

8>>><>>>:
1

jDj , if x2 2 D, D 6=−X

0, if D =−X

¡®, otherwise

(44)

where D μ −X and ® models a risk component. As

we stated in the beginning of this section, we first

explore the performance of the methods when no risk is

involved in the decision problem, hence, we instantiate

the score function with ®= 0, i.e., f0(D).
Let the probability for the event that a source reports

an evidence with respect to the truth (i.e., x2) be denoted

by ¯. Note that if we sum the degree of conflict for both

the Bayesian and credal conflict measures for all n¡ 1
combinations, i.e.,

¡ 1:n¡1²
¢
=

n¡1X
i=1

¡ i² (45)

where ¡ i² (Definitions 8 and 9) denotes the conflict in
the ith combination, then we expected ¡ 1:n¡1² to increase

when ¯ monotonically decreases in the interval [0:5,1],

i.e., the total amount of conflict among the sources

increases. The experiment can now be defined by the

following step-wise description:

1. Sample the number of sources n»Un([5,10]).
2. Sample the probability for obtaining an evidence

for the true state ¯ »Un([0:7,0:9]).
3. Sample evidences P1(X), : : : ,Pn(X) where the

probability of sampling an evidence P̂i(X) for the truth
is ¯ (see (35)) and 1¡¯ for a counter evidence P̃i(X)
(see (36)), i 2 f1, : : : ,ng.
4. Calculate joint evidences p1:n(X) and P1:n(X).

5. Calculate decision sets DB(p1:n(X)), DC(P1:n(X)),
and DcC(P1:n(X)).
6. Calculate the score f®(¢) for each decision set in

the previous step.

7. Repeat m= 105 times.

Remember that we have instantiated ®= 0 for this

first experiment, i.e., there is no risk component in-

volved. Let us elaborate somewhat on the implemen-

tation detail of the above description. In step three, we

sample evidences by first deciding, utilizing ¯, if a spe-

cific source should report an evidence or a counter evi-

dence for the truth. Then, when we know if it is an ev-

idence or counter evidence that we should sample, we

sample a centroid from the corresponding region (see

Fig. 10), uniformly. Given the centroid, we sample im-

precision by considering the distance from the centroid

to the corner points of an equilateral triangle, under the

condition that all corner points should reside in the same

evidence region. Hence, the credal operand that we sam-

ple are all equilateral triangles (simplices) that are com-

pletely contained in the evidence or counter-evidence

region with respect to the truth (e.g., Fig. 11(a)). Credal

sets of this form can be obtained by interval constraints

on marginal probabilities.

4.4.1. Results
The results of the experiment is seen in Table I.

We see that the expected score of the Bayesian method

DB is clearly better then the credal method DC . This
means that the credal method does not isolate the cases

for which the Bayesian method performs poorly in an

optimal way, since we would then have expected a

higher score for the credal method than the Bayesian

one. This is seen from Table I since in 21.9% of the

cases the credal method outputs a non-singleton set

while the Bayesian method only outputs an erroneous

state in 7.2% of the cases. The credal method outputs a
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TABLE I

Expected Score E[f0(¢)], with 95% Confidence Intervals, for DB(p1:n(X)), DC (P1:n(X)) and DcC (P1:n(X))

f0(¢)> 0 (%) f0(¢) = 0 (%)

Method E[f0(¢)] j ¢ j= 1 j ¢ j= 2 j ¢ j= 1 j ¢ j= 2 j ¢ j= 3
DB(p1:n(X)) 0:93§ 0:002 92.8 0.0 7.2 0.0 0.0

DC (P1:n(X)) 0:85§ 0:002 78.1 13.1 1.8 0.4 6.6

DcC (P1:n(X)) 0:92§ 0:002 91.6 0.0 8.4 0.0 0.0

decision set of no value (i.e., x2 is not in the decision

set or −X is reported) in 8.8% of the cases. In fact,

even if we would let the credal method obtain a reward

of one in cases where two states is reported and one

of them is the truth, the credal method would still

perform worse than the Bayesian method (78:1%+

13:1%= 91:2% compared to 92.8%). Also note that the

Bayesian method DB performs better than the credal
centroid method DcC , however, the difference is not as
high compared to the former case.

4.2. Experiment B–Risk

One argument that one might have for using the

credal method DC is that even though it cannot opti-
mally isolate the cases where the Bayesian method DB
performs poorly, it can still be an interesting choice

when there exists a risk component in the decision prob-

lem, i.e., reporting an erroneous state is coupled with

a negative cost. Indeed, if we use the result from Ta-

ble I, we see that the Bayesian method reports an erro-

neous state in 7.2% of the cases while the credal method

only makes erroneous reports in 1:8%+0:4%= 2:2%

of the cases. Hence, if we would have set ®= 10 in

the score function in (44), we would have obtained

an expected score E[f10(DB(p1:n(X)))]¼ 0:21 for the
Bayesian method and E[f10(DC(P1:n(X)))]¼ 0:63 for the
credal correspondence. However, when risk is incorpo-

rated in the decision problem, there clearly exist cases

when using the Bayesian method for which one would

not simply output the single state that maximizes the

probability, e.g., whenever the joint Bayesian evidence

p1:n(X) is close to the uniform distribution. Let us there-

fore modify DB to a cautious Bayesian method D±B in the
following way

D±B(p1:n(X))
¢
=fx 2 −X : p1:n(x)> ±g (46)

where ± 2 [0, j−X j¡1]. The method partitions the prob-
ability simplex into decision regions, seen in Fig. 12.

Note that a high value of ± yields a less cautious

method and vice versa. Note that when ± = 0 we get

D0B(p1:n(X)) =−X for all joint evidences p1:n(X) that do

not reside on the boundary of the probability simplex.

Also note that when ± = j−X j¡1 we still have decision
regions that are non-singleton.

Now let us use the same simulation settings as in

Experiment A (Section 4.1) but where we now intro-

duce a risk component by setting ®= 10, yielding a

Fig. 12. An example of the cautious Bayesian method in (46)

where ± = 0:2. The parameter ± imposes decision regions by planes

that are parallel to the (proper) faces of the simplex with a distance

° = ±(
p
3=
p
2). The horizontal lines depict the decision region for

−X , the vertical lines depict fx1,x2g, and lastly the region with
diagonal lines depicts fx2g.

Fig. 13. The solid line shows the cautious Bayesian method

D±B(p1:n(X)) and the dashed line the credal method DC (P1:n(X)). The
x-axis depicts ± and the y-axis E[f10(¢)]. Confidence intervals on the

95%-level are also shown.

score function f10. We perform the simulation for at

set of values of the parameter ± 2 [0, j−X j¡1] to see if
there exist parameters that cause the cautious Bayesian

method to outperform the credal method.

4.2.1. Results
The result is shown in Fig. 13. The cautious Bayesian

method outperforms the credal method when ± 2 [0:005,
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TABLE II

Expected Score E[f10(¢)], with 95% Confidence Intervals, for the Methods D0:02B (p1:n(X)) and DC (P1:n(X))

f10(¢)¸ 0 (%) f10(¢)< 0 (%)

Method E[f10(¢)] j ¢ j= 1 j ¢ j= 2 j ¢ j= 3 j ¢ j= 1 j ¢ j= 2
D0:02B (p1:n(X)) 0:69§ 0:006 69.6 22.1 7.1 0.7 0.5

DC (P1:n(X)) 0:62§ 0:010 77.9 13.2 6.7 1.8 0.4

TABLE III

The table shows the cautious Bayesian parameter ± in D±B(p1:n(X)) for different risks ®. The intervals for ± depicts the region for which
D±B(p1:n(X)) outperforms DC(P1:n(X)) with respect to E[f®(¢)] and where the 95% confidence intervals are non-overlapping for the methods.

® 0 2 4 6 8 10

± [0.05, 0.33] [0.04, 0.33] [0.03, 0.14] [0.02, 0.10] [0.01, 0.08] [0.01, 0.07]

0:07]. Let us explore the cautious Bayesian method at

its peak performance, which approximately occur at

± = 0:02. The result of this parameter value is seen in

Table II. We see that the cautious Bayesian method tends

to output a non-singleton set more often than the credal

counterpart. However, the Bayesian method only reports

an erroneous state in 0:7%+0:5%= 1:2% of the cases

compared to 1:8%+0:4%= 2:2% in the credal case and

due to the high risk component this yields a better score

for the Bayesian method. Note that since ± is quite

low and the cautious Bayesian method only outputs −X
in approximately 7.1% of the cases, we can conclude

that the joint Bayesian evidence p1:n(X) is close to the

boundary of the probability simplex in a majority of the

cases, which is quite natural since we have assumed that

a majority (¯ 2 [0:7,0:9]) of the sources output evidence
for the true state x2. Let us further study the sensitivity

of the parameter ± by exploring how a parameter set for

± changes with respect to the risk for the case where

the cautious Bayesian method outperforms the credal

method (where the 95% confidence intervals are non-

overlapping), seen in Table III. From the table we see

that when there is a low risk, ® 2 f0,2g, the parameter
sets for ± where D±B outperforms DC are quite large.
When the risk increases, ® 2 f4,6,8,10g, the parame-
ter sets becomes considerably smaller. From the table

we see that D±B with ± = 0:05 performs better than DC
irrespective of the risk ®.

5. SUMMARY AND CONCLUSIONS

We have characterized the behavior of the Bayesian

and credal combination operators through a number

of examples. We introduced measures for degree of

conflict and imprecision and explored the behavior of

the Bayesian and credal combination operators for a

number of examples where different degrees of conflict

and imprecision were present. We highlighted that when

a strong conflict is present between the sources that

report credal sets, the joint evidence can be highly

imprecise. We therefore introduced Bayesian and credal

discounting operators that can be utilized whenever

information about the reliability of sources is available.

We showed that the credal discounting operator can

be computed by utilizing the extreme points of the

operands (credal set and interval of reliability weights).

Finally, we showed that the credal discounting operator

can have a significant impact on the combined result

when used.

Both the Bayesian and credal discounting operators

have been introduced so that they are consistent with the

underlying paradigm in the respective theories, i.e., the

Bayesian discounting operator takes a single reliability

weight as an argument while the credal such operator

takes a convex set of reliability weights in the form of

an interval. Hence the Bayesian discounting operator

assumes that a precise reliability weight can always

be formulated while in the credal case imprecision

is allowed. Moreover, the credal discounting operator

preserves the intuitive paradigm of being a point-wise

version of the Bayesian counterpart, i.e., the operator

discounts each probability function within the credal

set with respect to each of the reliability weight in the

set (interval) of such weights. The credal discounting

operator has three properties that makes it unique [13]:

(1) it can discount any credal set (i.e., it is not restricted

to a particular type of credal set), (2) a credal set can be

discounted with respect to a set of reliability weights,

i.e., one can express reliability imprecisely, and (3) a

discounted credal set can be reversed to its original form

if the set of reliability weights, used for the discounting,

is known.

We also performed two experiments where we eval-

uate the Bayesian and credal combination operators. In

both experiments the sources report credal sets with an

implicit uniform second-order distribution as a repre-

sentation of not favoring any probability function within

the sets. For the Bayesian combination operator, we

have utilized the expected value of the operand credal

sets, i.e., centroids, for obtaining the joint evidence. We

evaluated the operators by using a simple score function

that gives a reward corresponding to the informativeness
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of the joint evidence and a loss according to a specified

risk.

In the first experiment, we showed that in scenarios

where there exists no risk component, i.e., no cost of

reporting an erroneous decision set, it is clearly benefi-

cial to utilize the Bayesian combination operator instead

of the credal correspondence. This is true even if one

would maintain imprecision by using the credal combi-

nation operator and lastly utilize the centroid for deci-

sion making. However, this difference in performance

was not as clear as in the previous case. Nevertheless,

the latter results show that nothing is gained by main-

taining imprecision and then using the centroid for con-

structing the decision set.

By using the result from the experiment, we con-

cluded that if a large risk component is present, the

credal method is preferred due to a lower number of

erroneous decision sets. However, we introduced a sim-

ple cautious Bayesian method, using a single parameter

that partitions the probability simplex into regions cor-

responding to different decision sets, and we showed

that such a method can outperform the credal corre-

spondence. One potential problem with the cautious

Bayesian method is that one needs to choose an ap-

propriate parameter value. However, we showed that

there exist values for which the method outperforms

the credal method for a set of risk components.

In essence our results tells us that if there is no

risk component in the scenario of interest, then one

should use the Bayesian combination operator, even

if the sources choose to report imprecision by credal

sets. Furthermore, if a risk component does exist in

the scenario, then one should use the cautious Bayesian

method that we introduced. Hence for both cases it is

sufficient to use a single probability function and the

Bayesian combination operator for representing respec-

tively combining evidences. From the perspective of

computational complexity this is indeed positive results,

considering that the number of extreme points of the

joint credal evidence in the worst case can grow expo-

nentially with the number of combinations.

The question then is if there exist cases where one

might want to maintain imprecision by using the credal

combination operator? One possible such scenario could

be when there is a human decision maker involved

in the scenario, in particular when there exists a risk

component. In such cases the decision maker might

want to use the credal combination operator in order to

maintain imprecision for the purpose of keeping track

of worst-case scenarios with respect to the risk.
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APPENDIX

THEOREM 1

©(: : :©(p1(X),p2(X)) : : : ,pn(X))

=
p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

: (47)

PROOF The proof is by induction. Let us introduce the

following shorthand notation

p1:n(X)
¢
=©(©(: : :©(p1(X),p2(X)) : : : ,pn¡1(X)),pn(X)):

(48)
The base case

p1:2(X) =
p1(X)p2(X)P
x2−X p1(X)p2(X)

(49)

holds by (4). Let the induction hypothesis be

p1:n¡1(X) =
p1(X) : : :pn¡1(X)P
x2−X p1(x) : : :pn¡1(x)

: (50)

We need to show that such assumption implies

p1:n(X) =
p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

: (51)

We have that

p1:n(X) =
p1:n¡1(X)pn(X)P
x2−X p1:n¡1(x)pn(x)

: (52)

By using the induction hypothesis in (50), we get

p1:n(X) =

p1(X) : : :pn¡1(X)P
x2−X p1(x) : : :pn¡1(x)

pn(X)P
x2−X

p1(x) : : :pn¡1(x)P
x2−X p1(x) : : :pn¡1(x)

pn(x)

=
p1(X) : : :pn(X)P
x2−X p1(x) : : :pn(x)

: (53)

By (49)—(53), the proof is complete.

THEOREM 2

©C(P1(X),P2(X))
=©C(E(P1(X)),E(P2(X))): (54)

PROOF The proof is inspired by Noack, et al. [21,

Theorem 2]. First note that

©C(E(P1(X)),E(P2(X)))μ ©C(P1(X),P2(X))
(55)

is trivial. Assume that

©C(E(P1(X)),E(P2(X)))½ ©C(P1(X),P2(X)):
(56)

Then there must exists at least one

u(X) 2 ©C(P1(X),P2(X)) (57)

such that

u(X) =2©C(E(P1(X)),E(P2(X))) (58)
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where u(X) has the following form

u(X) =
p1(X)p2(X)P
x2−X p1(x)p2(x)

(59)

and where p1(X) 2 P1(X) and p2(X) 2 P2(X), where at
least one of p1(X) and p2(X) is not an extreme point.

We can express p1(X) and p2(X) as

p1(X) =

mX
i=1

¸ivi(X) (60)

p2(X) =

nX
j=1

®jwj(X) (61)

where vi(X) 2 E(P1(X)), wj(X) 2 E(P2(X)), ¸i ¸ 0,
®j ¸ 0, 1· i ·m, 1· j · n,

Pm
i=1¸i =

Pn
j=1®i = 1, and

where there exists at least one ¸i 2 (0,1) or ®j 2 (0,1).
By using (60) and (61) in (59), we obtain

u(X) =

Pm
i=1

Pn
j=1¸i®jvi(X)wj(X)P

x2−X
³Pm

i=1

Pn
j=1¸i®jvi(x)wj(x)

´ : (62)
Let us introduce the following notation

°i,j
¢
=

¸i®j
P
x2−X vi(x)wj(x)P

x2−X
³Pm

i=1

Pn
j=1¸i®jvi(x)wj(x)

´ : (63)

We can now rephrase u(X) as

u(x) =

mX
i=1

nX
j=1

°i,j
vi(X)wj(X)P
x2−X vi(x)wj(x)

: (64)

Since

vi(X)wj(X)P
x2−X vi(x)wj(x)

2©C(E(P1(X)),E(P2(X))) (65)

and °i,j ¸ 0,
Pm

i=1

Pn
j=1 °i,j = 1, we get (cf (8)):

u(X) 2 ©C(E(P(X)),E(P(X))) (66)

which is a contradiction.

THEOREM 3

ªC(P(X),W) =ªC(E(P(X)),E(W)): (67)

PROOF First note that

ªC(E(P(X)),E(W))μªC(P(X),W) (68)

is trivial. Assume that

ªC(E(P(X)),E(W))½ªC(P(X),W): (69)

Then there must exists at least one

u(X) 2 E(ªC(P(X),W)) (70)

such that

u(X) =2ªC(E(P(X)),E(W)) (71)

where u(X) has the following form

u(X) = wp(X)+ (1¡w)pu(X), (72)

where w 2W, and p(X) 2 P(X), and where at least one
of w and p(X) is not an extreme point. There are three

cases:

Case 1–p(X) 2 E(P(X)), w =2 E(W): We know that

w = ¸w1 + (1¡¸)w2 where w1 6= w2, w1,w2 2 E(W), ¸ 2
(0,1). We get

u(X) = wp(X) + (1¡w)pu(X)
= pu(X) + (¸w1 + (1¡¸)w2)(p(X)¡pu(X))
= pu(X) +¸w1(p(X)¡pu(X))
+ (1¡¸)w2(p(X)¡pu(X))
+¸pu(X)¡¸pu(X)

= ¸(pu(X)+w1(p(X)¡pu(X)))
+ (1¡¸)pu(X)+ (1¡¸)w2(p(X)¡pu(X))

= ¸(pu(X)+w1(p(X)¡pu(X)))
+ (1¡¸)(pu(X)+w2(p(X)¡pu(X)))

= ¸(w1p(X) + (1¡w1)pu(X))
+ (1¡¸)(w2p(X) + (1¡w2)pu(X)): (73)

Hence, u(X) 2ªC(E(P(X)),E(W)) (cf (8)), which is a
contradiction.

Case 2–p(X) =2 E(P(X)), w 2 E(W): We know that

p(X) =
Pn
i=1®ipi(X), where pi(X) 2 E(P(X)), ®i ¸ 0,Pn

i=1®i = 1 where there exists at least one ®i 2 (0,1).
We get

u(X) = w

Ã
nX
i=1

®ipi(X)

!
+(1¡w)pu(X)

+

Ã
nX
i=1

®i(1¡w)pu(X)
!

¡
Ã

nX
i=1

®i(1¡w)pu(X)
!

=

Ã
nX
i=1

®i(wpi(X)+ (1¡w)pu(X))
!

+(1¡w)pu(X)

¡
Ã

nX
i=1

®i(1¡w)pu(X)
!

=

nX
i=1

®i(wpi(X) + (1¡w)pu(X)): (74)

Hence, u(X) 2ªC(E(P(X)),E(W)) (cf (8)), which is a
contradiction.

Case 3–p(X) =2 E(P(X)), w =2 E(W): Similar to

Case 1 and 2, we have that

w = ¸w1 + (1¡¸)w2

p(X) =

nX
i=1

®ipi(X):
(75)
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We get

u(X) = (¸w1 + (1¡¸)w2)
Ã

nX
i=1

®ipi(X)

!
+(1¡ (¸w1 + (1¡¸)w2))pu(X): (76)

From Case 1 we know that the above equation is equiv-

alent to

u(X) = ¸

Ã
w1

Ã
nX
i=1

®ipi(X)

!
+(1¡w1)pu(X)

!

+(1¡¸)
Ã
w2

Ã
nX
i=1

®ipi(X)

!
+(1¡w2)pu(X)

!
:

(77)

From Case 2 we know that the above equation is equiv-

alent to

u(X) = ¸

Ã
nX
i=1

®i(w1pi(X) + (1¡w1)pu(X))
!

+(1¡¸)
Ã

nX
i=1

®i(w2pi(X) + (1¡w2)pu(X))
!
:

(78)

Hence, u(X) 2ªC(E(P(X)),E(W)) (cf (8)), which is a
contradiction. Since all possible cases lead to contra-

dictions we must conclude that

ªC(P(X),W) =ªC(E(P(X)),E(W)): (79)
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